Recent experiments in semiconductor nanowires with a spin-orbit coupling and proximity-induced superconductivity exhibit signatures of Majorana bound states predicted to exist in the topological phase. In this work we predict that these nanowire systems exhibit unconventional magnetoelectric effects showing a sharp crossover behavior at the topological phase transition. We find that magnetic fields with a component parallel to the spin-orbit field can give rise to currents in equilibrium. Surprisingly, also fields perpendicular to the spin-orbit field may induce currents and can be employed in adiabatic charge pumping. The perpendicular field magnetoelectric effect may be regarded as a manifestation of the anomalous Hall effect in one dimension. We discuss how the predicted phenomena could be observed in experiments and employed in probing the topological phase transition. Introduction-Recent experiments in nanowires with a strong spin-orbit coupling and proximity superconductivity show intriguing signatures of Majorana bound states [1-3], a particle-like many-body excitations behaving as their own antiparticles. The surge of experimental and theoretical activity around the topic was largely initiated by the prediction that these systems exhibit topological superconductivity [7, 8] . Shortly before it was proposed that two-dimensional magnetic Rashba systems in the proximity of a superconductor provided a candidate to realize topological superconductivity [5, 6] . However, tailoring suitable systems and controlling relevant physical parameters have proven more feasible in nanowires [7] [8] [9] . Nanowire systems have also opened up exciting possibilities to experimentally study effects resulting from the three necessary ingredients of the topological phase, a spin-orbit coupling, superconductivity and magnetic fields.
Recent experiments in semiconductor nanowires with a spin-orbit coupling and proximity-induced superconductivity exhibit signatures of Majorana bound states predicted to exist in the topological phase. In this work we predict that these nanowire systems exhibit unconventional magnetoelectric effects showing a sharp crossover behavior at the topological phase transition. We find that magnetic fields with a component parallel to the spin-orbit field can give rise to currents in equilibrium. Surprisingly, also fields perpendicular to the spin-orbit field may induce currents and can be employed in adiabatic charge pumping. The perpendicular field magnetoelectric effect may be regarded as a manifestation of the anomalous Hall effect in one dimension. We discuss how the predicted phenomena could be observed in experiments and employed in probing the topological phase transition.
PACS numbers: 73.63.Nm, 74.78.Na,74.78.Fk, Introduction-Recent experiments in nanowires with a strong spin-orbit coupling and proximity superconductivity show intriguing signatures of Majorana bound states [1] [2] [3] , a particle-like many-body excitations behaving as their own antiparticles. The surge of experimental and theoretical activity around the topic was largely initiated by the prediction that these systems exhibit topological superconductivity [7, 8] . Shortly before it was proposed that two-dimensional magnetic Rashba systems in the proximity of a superconductor provided a candidate to realize topological superconductivity [5, 6] . However, tailoring suitable systems and controlling relevant physical parameters have proven more feasible in nanowires [7] [8] [9] . Nanowire systems have also opened up exciting possibilities to experimentally study effects resulting from the three necessary ingredients of the topological phase, a spin-orbit coupling, superconductivity and magnetic fields.
In this work we predict and study properties of magnetoelectric effects in 1d wires resulting from the interplay of the Rashba coupling, superconductivity and magnetic fields. These magnetoelectric effects lead to nondissipative electric currents that are not related to the phase gradient of the superconducting order parameter. The magnetoelectric effects exhibit a clear crossover behavior when the nanowire undergoes a topological phase transition, thus providing a method to probe the transition. We study two qualitatively different effects distinguished by whether the applied magnetic field has a finite component parallel to the spin-orbit field or not. Experiments have demonstrated that the direction of the spin-orbit field can be resolved quite accurately [1, 4] .
First we predict that magnetic fields having a finite component parallel to the spin-orbit field lead to a finite DC current through the wire. This effect is sensitive to the closing of the energy gap associated to the topological phase transition. Then we show that electric currents can also be driven by magnetic fields perpendicular to the spin-orbit field. This phenomenon arises from the same band curvature effect that contributes to the anomalous Hall effect in 2d Rashba systems and enables adiabatic charge pumping when magnetic field is periodically modulated. We discuss how the predicted magnetoelectric effects could be observed in experiments.
Model system-We consider a nanowire with a Rashba spin-orbit coupling in the proximity of a superconductor in magnetic field, depicted in Fig. 1 . The wire is described by the Bogoliubov-de Gennes Hamiltonian [7, 8] ,
where ε k = 2 k 2 2m − µ and σ i and τ i are Pauli matrices operating in the spin and the particle-hole space, respectively. Hamiltonian (1) is written in the Nambu basis
T and the coordinates have been chosen so that k is the momentum along the y-axis and the effective spin-orbit field is parallel to x direction. The first term corresponds to kinetic energy of electrons and holes including the Rashba coupling characterized by a coupling constant α. The second term is the Zeeman coupling B = (B x , B y , B z ) due to the applied magnetic field and the last term arises from the proximity-induced superconducting pairing. Hamiltonian (1) possesses a particle-hole symmetry and the four energy bands satisfy E −i (k) = −E i (−k) for i = 1, 2 where the corresponding eigenstates i and −i are related by a particle-hole transformation. In the case B x = 0, the spectrum admits an analytical solution
where
z . We adopt a convention according which B x (that is parallel to the effective spin-orbit field) is called parallel magnetic field and B y and B z are called perpendicular fields. For the reference, the relevant physical parameters in experiment employing InSb wires in Ref. [1] were m = 0.015 m e , E R = 2mα 2 2 = 200 µeV, ∆ = 250 µeV (at T=60 mK) and |B| 1.5 meV (for fields < 1T). The transverse mode separation in the wire was several meV which is much larger than the other energy scales.
Magnetoelectric effect for parallel fields B x = 0-In this section we consider magnetic fields that have a nonvanishing parallel component with the spin-orbit field (according to conventions of Fig. 1 this means that B x = 0). This leads to a non-vanishing current through the wire, an effect which is similar to the magnetoelectric effect predicted by Edelstein in 2d systems [10, 11] .
Current through the wire can be evaluated as
Hτ z is the current operator, P i is a projection operator to the eigenstate |n i of Hamiltonian (1) with energy E i and f i is the Fermi distribution at energy E i . The projection operators are given by P i = j =i
H−Ej
Ei−Ej for the four bands and the trace should be calculated over the Nambu and spin indices. A further evaluation of Eq. (3) yields J = e 2´d
The general formula for the current in terms of the energies is lengthy and presented in the supplement. Current is an odd function of the parallel field J(B x ) = −J(−B x ), a property which can be employed in distinguishing the magnetoelectric contribution. In the linear order in B x current is given by
The wire undergoes a topological phase transition when the perpendicular field satisfies B = µ 2 + ∆ 2 [7, 8] , associated with the energy gap closing E ±1 (k) = 0 at k = 0. The numerator in the integrand for i = 1 term also vanishes at that point and current remains analytic. The maxima coincide with the critical field above which the system is in the topological phase.
Current (4) is plotted as a function of the perpendicular field B in Fig. 2 a) . Current starts from zero at B = 0 and increases rapidly until saturating and starting to decrease slowly. Due to the combined effect of the spin-orbit coupling and magnetic field B x , the dispersion becomes asymmetric E i (k) = E i (−k). This asymmetry and superconductivity are necessary ingredients to achieve finite current since in the normal state the current cancels [18] . For large B, the eigenstates resemble magnetic rather than helical metal. For a dominantly magnetic dispersion B x induced k ←→ −k spectral asymmetry becomes suppressed, thus explaining the saturation and decrease of current for large B. The saturation sets on when ∂ B J achieves maximum which, as illustrated in Fig. 2 b) , coincides accurately with the topological phase transition. The results in Fig. 2 are calculated at temperature which translates to 60 mK for parameters of Ref. [1] . The peaks in Fig. 2 b) get broadened and shorter as the temperature increases, but the well-defined structure survives to well above T = 0.1 E R . Thus the parallel magnetoelectric effect provides a method to probe the phase transition indirectly. It is important to find alternative methods to characterize the phase transition since there exists theoretical evidence that some of the considered signatures of the topological phase, such as the zero bias peak in the tunneling current [12] and the fractional Josephson effect [13] , could have explanations different from Majorana bound states.
So far we have analyzed translation-invariant systems but experiments are performed with finite wires. For experimental implications we need to consider a setup in Fig. 1 b) where a finite wire is laterally coupled to two reservoirs L and R. Superconductivity in the wire is induced either by one or both of the reservoirs. Both of the reservoirs need to be superconducting in order to achieve finite current since equilibrium currents cannot be sustained in a normal metal reservoir. In practice the wire may support multiple transverse modes as in Ref. [1] . However, when the mode separation is large compared to the other energy scales, as in [1] , modes can be thought as independent (at least in the clean limit). In addition, the modes below the topmost one do not contribute to current when the mode separation is much larger than other characteristic energy scales, so the single mode approximation is expected to be an accurate starting point.
It is also interesting to consider the case where one of the reservoirs is in the normal state or the wire is effectively pinched of by a local gate so that current is suppressed. According to thermodynamic arguments considered in the 2d case [11] , the magnetic field induced current is canceled by a superconducting phase gradient along the wire in equilibrium. Thus the effect could be perhaps also observed by B x -dependent build up of superconducting phase when current is blocked.
Magnetoelectric effect for perpendicular fields: linear response -Now we consider magnetic fields that are perpendicular to the spin-orbit field which in our conventions mean that B lies in the y − z plane (B x = 0). Below we derive the surprising result that perpendicular fields can also be employed to drive currets in the wire. This magnetoelectric effect arises from essentially the same band curvature effect that gives rise to the anomalous Hall effect in 2d Rashba systems with perpendicular magnetization [14, 15] .
First we consider a magnetic field configuration with a static component B in z-direction and a weak timedependent component δB y in y-direction. Treating δB y as a perturbation, current in the wire is given by the standard linear response theory as
The imaginary-time representation of the response function χ(ω) is given by
where β is inverse temperature and the Matsubara Green's functions G(iν n ) are defined by G(iν n ) = 1 iνn−H , where H is given by Eq. (1) with B = (0, 0, B). Expression (6) can be evaluated using methods of Ref. [15] where similar expressions were evaluated in 2d geometry. In the following we are interested in low-frequency dynamics. In ω → 0 limit χ(ω) approaches to zero so it is convenient to consider the quantity lim ω→0 χ(ω)/iω ≡ e α´d k 2π Ω xy , where
Here P n is a projection operator to the eigenstate with eigenvalue E n given by Eq. (2). The explicit form of Ω xy (k) is long and given in the supplement. Current in the wire can now be expressed as Thus we have reached a remarkable conclusion that temporal variations of magnetic field parallel to the wire can drive current. Figure 3 a) illustrates the behavior of dimensionless quantity B α´d k 2π Ω xy setting the magnitude of the effect. At low temperatures it behaves essentially as the current from the parallel magnetoelectric effect plotted in Fig. (2) a) , therefore the differential current ∂ B J resulting from the perpendicular effect (8) exhibits peaks similar to those shown in Fig. (2) b) . From symmetry considerations it follows that result (8) holds even if the directions of the static and dynamic magnetic fields B and δB y are rotated arbitrarily around the x-axis as far as they remain perpendicular to each other. We are not aware of previous predictions of constitutive relations between current and magnetic field of type (8) in 1d wires.
The magnetoelectric effect (8) can be understood as a manifestation of the same band curvature effect that gives rise to the anomalous Hall effect in 2d Rashba systems [14] . Recently the anomalous Hall conductivity was calculated in superconducting two-dimensional Rashba systems with magnetization perpendicular to plane [15] . The Hall conductivity is given by σ xy = e 2 ´d 2 k (2π) 2 Ω xy (k) where momentum argument should be interpreted as the magnitude of the in-plane momentum k = k 2 x + k 2 y and the static part of the magnetic field B corresponds to magnetization perpendicular to the plane. Therefore Ω xy (k) can be regarded as the superconducting counterpart of the Berry curvature in non-superconducting system [14, 17] . The reason why Eq. (8) is connected to the 2d Hall conductivity can be traced to the formal similarity of response function (6) and the off-diagonal current correlation function in 2d magnetic Rashba system [19] . The magnetoelectric effect (8) could be observed in a setup of Fig. 1 b) where both reservoirs are superconducting. For example, by applying a static field and a small AC field perpendicular it, both lying in the y − z plane, the wire should exhibit a measurable AC current. Current as a function of the static field also exhibits a clear crossover behavior at the topological phase transition and could be employed to probe it.
Magnetoelectric effect for perpendicular fields: adia-batic pumping-The relation between current and perpendicular magnetic field (8) suggests that the integrated charge flowing through a cross section when the field is modified depends only on the net change of the field but not on time that the procedure lasts. This is a hallmark of adiabatic transport and geometric pumping [16, 17] . Below we discuss pumping processes where magnetic field executes a cycle in the y − z plane (B x = 0 throughout this section), as illustrated in a particular case in Fig. 3  b) . The calculation proceeds along the lines of adiabatic transport and polarization of insulators [17] . Suppose that some parameter λ(t) in Hamiltonian (1) varies slowly in time H(t) = H(λ(t)). Let us further assume that the system is in the ground state and that the population of the energy band E n is f n (for negative energy bands f n = 1 and for the positive energy bands f n = 0) initially at t = 0. Current in the wire for t > 0 is given by
where againĴ = e 2 ∂ k Hτ z . Initially the states |ψ n (t) satisfy |ψ n (0) = |n(0) where |n(0) is an eigenstates of (1) at t = 0. According to the adiabatic theorem, the temporal evolution of an eigenstate is given by |ψ n (t) = e −i´t 0 En(s)ds |n(t) − i
in the lowest order in the time derivatives. Here |n(t) and E n correspond to the instantaneous eigenstates and eigenvalues of the time-dependent Hamiltonian. Following the the standard steps in adiabatic transport theory, when the adiabatic parameter traces path from λ(0) = λ i through λ(T f ) = λ f , the total charge Q =´T f 0 dtJ(t) pumped through the wire is
Here we have introduced projection operators P n (λ) to instantaneous eigenstates corresponding to E n (λ). The integrand in Eq. (10) is analogous to the Berry curvature in non-superconducting systems [17] . The extra Nambu matrix τ z inside the trace, arising from the Nambu structure of the current operator, makes the analogy to the Berry curvature incomplete and the pumped charge is not quantized. Result (10) can be generalized to finite temperatures by replacing f n by Fermi distribution at energy E n (λ = 0) if energies E n do not change during the process or the cycle is faster than relaxation processes (while being slow compared to the relevant spectral gaps as the adiabatic approximation requires). Let us now consider the pumped charge when magnetic field is modified slowly in the y − z plane. The cycle executed by the magnetic field is conveniently parameterized by magnitude B(λ) and angle ϕ(λ) so that fielddependent part of Eq. (1) becomes B · σ = B cos(ϕ)σ y + B sin(ϕ) σ z . Application of Eq. (10) yields
were Ω xy (k) is given by Eq. (7). For a general cycle (B(λ), ϕ(λ)) also Ω xy (k) depends on λ through B (see the supplement). Expression (11) is the general formula for the adiabatically pumped current when magnetic field undergoes a cycle in y − z plane. To be more concrete, we consider a cycle where the magnitude of the magnetic field is kept constant B(λ) = B but the angle makes a full rotation ϕ(λ f )−ϕ(λ i ) = 2π. Then Ω xy (k) is independent of λ and the pumped charge in the cycle becomes
The sign of Q is inverted when the field executes the loop in the reversed direction. Pumping formulas (11), (12) remain valid in the vicinity of the topological phase transition despite the gap E 1 (k = 0) − E −1 (k = 0) may become arbitrarily small because a field-induced mixing of the E −1 (k) and E 1 (k) bands is prohibited (as pointed out in the supplement). Validity of pumping results requires executing the cycle in time T which satisfies
The results in Fig. 3 a) show that for the chosen parameter values the pumped charge per cycle is of the order of Q ∼ 0.5 e in the topological phase.
It was recently demonstrated experimentally that the direction of the spin-orbit field can be resolved quite accurately and indeed is perpendicular to the wire [1, 4] . Considering that in these experiments magnetic field was also rotated in the plane perpendicular to the spin-orbit field, central ingredients to test prediction (12) experimentally seems to be realized. Finite size effects and disorder could modify the quantitative results, but in the light of recent developments an experimental realization of adiabatic pumping (12) seems promising.
Conclusion-In this paper we predicted two distinct magnetoelectric effects in superconducting nanowires with Rashba coupling, giving rise to non-dissipative currents as a response to applied magnetic fields. The two effects, distinguished by whether the applied field has a parallel component with the spin-orbit field or not, result from the interplay of the Rashba coupling, magnetic fields and superconductivity. We proposed that the predicted effects could be observed in recently realized experimental setups and employed in probing the topological phase transition and realizing adiabatic charge pumping.
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